Abstract. We define an L 2 -signature for proper actions on spaces of leaves of transversely oriented foliations with bounded geometry. This is achieved by using the Connes fibration to reduce the problem to the case of Riemannian bifoliations where we show that any transversely elliptic first order operator in an appropriate Beals-Greiner calculus, satisfying the usual axioms, gives rise to a semi-finite spectral triple over the crossed product algebra of the foliation by the action, and hence a periodic cyclic cohomology class through the Connes-Chern character. The Connes-Moscovici hypoelliptic signature operator yields an example of such a triple and gives the differential definition of our "L 2 -signature". For Galois coverings of bounded geometry foliations, we also define an Atiyah-Connes semi-finite spectral triple which generalizes to Riemannian bifoliations the Atiyah approach to the L 2 -index theorem. The compatibility of the two spectral triples with respect to Morita equivalence is proven, and by using an Atiyah-type theorem proven in [BH17], we deduce some integrality results for Riemannian foliations with torsion-free monodromy groupoids.
The local index theorem is a central result in Connes' noncommutative geometry which applies to all non (necessarily) commutative manifolds, more briefly called noncommutative manifolds. The main ingredient in this general index formula is the noncommutative Guillemin-Wodzicki residue which allows the production of all the needed local invariants. The characteristic homology classes, such as the Atiyah-Singer p A-class, now have to be replaced by their corresponding classes in (periodic) cyclic cohomology, via the ConnesChern character. When the noncommutative manifold is commutative, the local index theorem is equivalent to the famous Atiyah-Singer formula by using standard relations between the Guillemin-Wodzicki residues for Dirac operators appearing in the local formula and the Atiyah-Singer characteristic classes of the given manifold. In particular, one recovers the p A-class for the Dirac operator and the L-class for the signature operator. When the noncommutative manifold describes the (possibly highly singular) space of leaves of a smooth foliation, the local index theorem gives a totally new index formula, which was one of the main initial motivations for the local index theorem. See [C94, CM95, CM98, CM01] . In this latter situation and when the foliation is transversely oriented and almost Riemannian, Connes and Moscovici used a hypoelliptic Riemannian operator and a noncommutative pseudodifferential calculus similar to the Beals-Greiner calculus [BG89] , to build the noncommutative manifold which suitably describes this transverse Riemannian structure [CM95] . The local index formula for this particular noncommutative manifold led to a deep Hopf index theorem [CM98, CM01] and allowed Connes and Moscovici to relate their local residues with some more involved topological classes appearing in the work of Gelfand-Fuks.
In this paper, we use the Connes formalism of noncommutative manifolds to investigate a larger class of foliations. More precisely, we consider the case of a singular (transversly oriented) foliated manifold which is the quotient of a smooth regular foliation p x M , p F q under a proper action of a countable discrete group Γ. Then, based on a semi-finite version of the Connes-Moscovici construction, we obtain a periodic cyclic cohomology class representing the transverse L 2 -signature for proper actions on foliations. This cohomology class reduces to the Connes-Moscovici class when the group Γ is trivial. On the other hand, for general Γ and when the foliation is zero dimensional, we obtain the signature class for proper actions, a cyclic cohomology class of the algebra C 8 c p x M q¸Γ, which is a differential answer to the signature problem for proper actions adressed in topological terms in [MM12] , and which generalizes the classical description in terms of an index class [AS68] . For free actions on manifolds, our class corresponds to the L-class in the quotient manifold M " x M {Γ. For general Γ and general foliations, we thus get a semi-finite Riemannian index map
Here C˚p x M , p F q can be taken to be Connes C˚-algebra of the foliation p x M , p F q or the maximal C˚-algebra of the monodromy groupoid p G, and C˚p x M , p F q¸Γ is the crossed product C˚-algebra for the Γ-action. In order to define such a morphism in general, our method relies on Connes reduction method to the almost Riemannian case where the transverse Connes-Moscovici signature operator is well defined and embodies a semi-finite noncommutative manifold. This is a notion which slightly generalizes Connes' noncommutative manifolds to encompass the semi-finite index theory, see [BF06] . It is worth pointing out that the extra action of Γ requires working on the ambient manifold x M with its foliation, without restricting to a Γ-compatible transversal. This introduces some extra technicalities which are due to the non-integrability of the normal bundle, while for trivial Γ, the restriction to a transversal is more natural, see [CM95] .
For smooth bifoliations of bounded geometry, and in order to prove the axioms for our semi-finite spectral triples, we use an adapted Beals-Greiner calculus. Many proofs are easy extensions of Kordyukov's work [K97, K07] to the class of bifoliations on the one hand and to the class of bounded geometry foliations on the other, with the extra data of a proper action of a countable group which is dealt with by using von Neumann algebras and semi-finite index theory. Exactly as in the case of Riemannian foliations [K97] , our semi-finite spectral triple is regular and can as well be defined using the monodromy groupoid p G and the corresponding convolution algebra. We thus get a well defined real-valued index morphism on the K-theory of our algebra
Gq¸Γ which admits a well defined "extension" to the K-theory of the appropriate completion C˚-algebra. The Connes-Moscovici hypo-elliptic Riemannian operator then yields an important example of such a semi-finite spectral triple and gives an interesting definition of the singular signature for spaces of leaves with proper actions. More precisely, we define, for any elliptic first order (in the new calculus) operator p D satisfying the usual conditions with respect to our bounded geometry data, a regular semi-finite spectral triple based on a suitable semi-finite von Neumann algebra N with its faithful normal semi-finite positive trace TR (see Section 4) and we get Theorem 4.13 Let p D be a first order C 8 -bounded uniformly supported pseudodifferential operator with associated operator p D¸, which is uniformly transversely elliptic in the Connes-Moscovici pseudo' calculus, and has a holonomy invariant transverse principal symbol σp p Dq. Then the triple pB, pN , TRq, p D¸q, where B is the convolution crossed product algebra of smooth compactly supported functions, is a semi-finite spectral triple which is finitely summable of dimension equal to the Beals-Grieiner codimension of the bifoliation.
Working with compactly supported functions on the involved groupoids is clearly restrictive in the study of bounded geometry bifoliations. However, since we are mainly interested in the cocompact case, we have chosen to postpone this discussion to a forthcoming paper where we use an appropriate larger algebra of uniformly supported functions. We also focus in the second half of this paper on the special case of free and proper actions, and we prove the compatibility of our spectral triple with the Atiyah-Connes semifinite spectral triple. If we assume that the action of Γ is free, so that the quotient foliation pM, F q is regular with bounded geometry, and we are in the situation of a Galois covering p x M , p F q Ñ pM, F q so that Γ » π 1 M {π 1 x M , then we can alternatively follow Atiyah's approach to the Galois index theorem. We then obtain another semi-finite index map based on the Atiyah von Neumann algebra M of Γ-invariant operators with its semi-finite trace τ , which we naturally call the Atiyah-Connes spectral triple, and which induces an L 2 Riemannian index map Sign K M,F ;Γ : K˚pC˚pM, FÝÑ R, where now C˚pM, F q is the C˚-algebra downstairs. Then we prove the following Theorem 5.15 Let p x M , p F Ă p F 1 q Ñ pM, F Ă F 1 q be a Galois covering of bifoliations. Assume that p D is a transversely elliptic Γ-invariant pseudodifferential operator in the Connes-Moscovici sense for the foliation p F 1 , which is essentially self-adjoint with the holonomy invariant transverse principal symbol. Then the triple pA, pM, τ q, p
Dq, where A is the convolution algebra of compactly supported smooth functions on the groupoid downstairs, is a semi-finite spectral triple which is finitely summable of dimension equal to the Beals-Greiner codimension.
If we work with the monodromy groupoids, then the crossed product C˚-algebra C˚p x M , p F q¸Γ is Morita equivalent to C˚pM, F q and we prove in this case the expected compatibility of the two semi-finite index maps. That is, denoting by Φ˚: K˚pC˚pM, F» Ñ K˚pC˚p x M , p Fq¸Γq the Morita isomorphism which is induced by a C˚-algebra Mishchenko homomorphism Φ, we prove Theorem 5.20 Assume that p D is a transversely elliptic Γ-invariant pseudodifferential operator from the Connes-Moscovici calculus Ψ 1 1 p x M , p F 1 ; p Eq Γ for the foliation p F 1 , which is essentially self-adjoint and has holonomy invariant transverse principal symbol. Then the Connes-Chern characters of the semi-finite spectral triple pA, M, p Dq coincides with the pull-back under the Morita map Φ of the Connes-Chern character of the semi-finite spectral triple pB, N , p D¸q.
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Notations and preliminaries
2.1. Connes algebras of foliations. We now review the relation between different algebras associated by Alain Connes with smooth foliations. Since the ambient manifold will not always be compact, the constructions need to be adapted, especially the parametrix construction for bounded geometry foliations. We shall mainly be interested in a foliation p x M , p Fq which is endowed with a proper action of a countable group Γ and a simplifying assumption is that the quotient space M " x M { p F is a compact Hausdorff space with its possibly singular foliation F . So, we see p x M , p F, Γq as a smooth proper realization of pM, F q so that the resulting invariants will not depend on this choice of realization. We set m " dimp x M q, p " dimp p F q, and q " m´p for the codimension of the foliation. We denote by p G the holonomy groupoid of p x M , p F q and by p G its monodromy groupoid. The space p G (resp. p G) is the space of holonomy (resp. homotopy) equivalence classes of leafwise paths with fixed end-points. Recall that p G and p G are smooth manifolds which may fail to be Hausdorff. In order to keep this paper in a reasonable and readable form, we assume that all manifolds are Hausdorff, so the manifold x M is identified with the closed submanifold of units of p
respectively. The source and range maps on both groupoids are denoted s and r respectively. For A, B Ă x M we use the classical notations p
, and similarly for the holonomy groupoid p G. The quotient map p : p G Ñ p G is then a smooth "covering" map. More precisely, for any p m P x M and denoting by p L x m the leaf through p m, we have Galois coverings
c p p Gq with respect to the standard L 1 norm for the groupoid with Haar system p p G, ηq and obtain an involutive Banach convolution algebra L 1 p p G, ηq, see for instance [R] . A similar completion defines the involutive Banach convolution algebra
We denote by C˚p p Gq and C˚p p Gq the maximal completion C˚-algebras defined as usual using all L 1 -continuous˚-representations, see again [R] . There is a well defined continuous˚-homomorphism of involutive Banach algebras ϕ :
It is clear that for any k P C c p p Gq the function ϕpkq is well defined and belongs to C c p p Gq, and a direct inspection shows that
Moreover, due to our choice of compatible Haar systems, we also have
Hence, we end up with a well defined C˚-algebra homomorphism that will be used in the sequel
neighborhood Bp x M , Rq of x M for some fixed R. It is said to be smoothly bounded if all derivatives of k are (uniformly) bounded on p G. The least R such that the support of k is contained in the R-ball around x M is sometimes called the propagation of k. It is then easy to check that the space C 2.2. Semi-finite spectral triples. We briefly review the notion of regular finite dimensional Connes-von Neumann spectral triples as introduced in [BF06] . In this paper, we shall also call them semi-finite spectral triples. All von Neumann algebras considered here will be weakly closed C˚-subalgebras of the algebra BpHq of bounded operators on a given (separable) Hilbert space H, and will never be type III von Neumann algebras. So they will always have positive normal semi-finite faithful traces. Clearly, finite von Neumann algebras are semi-finite.
Remark 2.1. (Dixmier) If τ is a normal trace, then τ is semi-finite iff
Suppose M is a semi-finite von Neumann algebra with a faithful semi-finite normal positive trace τ . For (1) M Ă BpHq is a von Neumann algebra faithfully represented in the separable Hilbert space H and endowed with a (positive) normal semi-finite faithful trace τ ; (2) A is a˚-subalgebra of the von Neumann algebra M; (3) D is a τ -measurable (so M-affiliated) self-adjoint operator such that ‚ @a P A, the operator apD`iq´1 belongs to the Dixmier ideal L p,8 pM, τ q; ‚ Every element a P A preserves the domain of D and the commutator rD, as extends to an element of M. When M is Z 2 -graded with A even and D odd, we say that pA, M, Dq is even and denote by γ P M the grading involution. Otherwise, pA, M, Dq is called an odd triple.
When M " BpHq with its usual trace of operators, we recover the classical notion of spectral triple as introduced by A. Connes, see for instance [C87] . In [BF06] , many geometric examples of semi-finite regular spectral triples are described. The spectral triple pA, M, Dq is regular if the following extra-condition is satisfied ‚ For any a P A, the operators a and rD, as belong to Ş nPN Dompδ n q, where δ is the unbounded derivation of M given by δpbq " r|D|, bs.
for any q ě p, the operator apD`iq´1 is automatically τ -compact for any a P A. We did not insist in this defintion on the minimality of p, but one prefers to work with the least p such that the axioms are satisfied. It is sometimes desirable to work with more general spectral triples which are not finite dimensional. In that case, the condition on apD`iq´1 can be weakened into the assumption that this operator satisfies some heat condition or is just τ -compact when no explicit formula is needed.
Overview of the NCG of bounded-geometry bifoliations
In this section we review the Connes-Moscovici spectral triple associated with the transverse structure of a bounded-geometry Riemannian bifoliation, also sometimes called a bounded-geometry almost-Riemannian foliation according to the terminology used in [C86] . We have chosen to work on the ambient manifold without the expansive choice of a complete transversal so that our constructions are natural and immediately extend to the setting of proper actions of discrete groups, as will be explained in the next section. In the case of Riemannian foliations of compact manifolds, the construction is due to Kordyukov, [K97] , and we shall show that his constructions can be extended with no serious obstacles. Note that the Connes-Moscovici pseudodifferential calculus
, associated to a given foliation p F 1 and with the coefficient Hermitian bundle p E, can be recovered from our calculus defined below for a bifoliation, when this latter is just 0 Ă p F 1 .
3.1. The ΨDO' calculi on bounded geometry bifoliations. Let p F be a smooth foliation on a smooth connected Riemannian manifold x M . The dimension of the foliation p F is p and its codimension is q. This paragraph is devoted to the bifiltered pseudodifferential calculus, as described for instance in [K97] , taking into account an extra larger foliation of bounded geometry on x M . We are mainly interested in almost-Riemannian foliations which correspond to holonomy invariant (orthogonal) triangular structures as described in [C86] or in [CM95] . We shall sometimes call them Riemannian bifoliations. Notice though that the calculus is valid for all bifoliated manifolds and follows usual constructions that we review below.
We assume that the foliated manifold p x M , p Fq has C 8 bounded geometry. This means that the manifold x M has C 8 bounded geometry and that moreover, all the leaves satisfy the same bounded geometry assumption. Recall that this means that the injectivity radius associated with the given Riemannian metric is positive so that we have well defined barycentric coordinates which are then assumed to have C 8 -bounded changes, and that the curvature tensor R is C 8 -bounded. The positive injectivity radius insures completeness, i.e. all geodesics can be extended indefinitely. Bounded geometry manifolds have open covers of finite multiplicity by Riemannian balls of a fixed radius, which are domains of injectivity of the exponential map. Also, the complete Riemannian distance dpp x, p yq is then well defined for any pp x, p yq P x M 2 with the usual properties. Finally, there exist smooth C 8 -bounded partitions of unity which are subordinate to such covers. All these properties are expanded in the seminal monograph [S92] .
An important class of examples is furnished by Galois coverings of smooth foliated compact manifolds, where one chooses an invariant metric and the induced metric on the leaves. The larger class of examples given by proper cocompact actions will be treated in Section 4, along with Connes' spectral geometry.
All vector bundles over x M will also have C 8 bounded geometry, and we shall denote by C 8 b p x M , p Eq the space of C 8 -bounded sections of such a given bundle p E over x M . We can then choose a C 8 -bounded Hermitian structure and consider as well the space L 2 p x M , p Eq of L 2 -sections of p E. In fact, the Sobolev spaces associated with p E are also well defined, see again [S92] . In the sequel, for any such vector bundles p
will always be assumed to have C 8 -bounded coefficients. This is the so-called class of C 8 -bounded differential operators and it means that in all barycentric coordinates (so with C 8 -bounded change of coordinates), the matrix-coefficents of p D are C 8 -bounded with the bounds independent of the local metric discs. Notice that all geometric operators do have C 8 -bounded coefficients and we are mainly interested in these operators.
We assume from now on that we have two smooth foliations p F and p
We denote by p V the quotient bundle T p F 1 {T p F, which can conveniently be identified with a subbundle of the tangent bundle T x M which is strictly transverse to the foliation p F (the orthogonal subbundle for the fixed metric), and such that the direct sum bundle T p
The holonomy groupoid of the foliation p F is denoted p G.
Remark 3.1. Although we shall only be concerned with the case where p V is also integrable, we do not make this assumption.
Without further choices or assumptions, the bundle p V is a subbundle of the transverse bundle p ν " ν p 
The interesting new situations occur though when 0 ă v " dimp p V q ă q. We can modify the bifiltered pseudodifferential calculus of [K97] so it fits, when p " 0, with the classical "Heisenberg-type" calculus introduced in [BG89] and used in the seminal paper [CM95] . Our main objective is to allow transversely hypo-elliptic operators which are not transversely elliptic in the classical calculus associated with the foliation p F. In a local chart, we thus have a decomposition of R q into R vˆRn where v " dimp p V q and n " q´v " dimp p N q, the dimension of the ambient manifold being dimp x M q " m " p`q " p`v`n. A similar decomposition holds on the covectors in R q " pR˚, and we decompose any transverse covector η into pη v , η n q accordingly. We introduce the new radial action of R˚on R pˆRvˆRn by setting λ¨ξ " λ¨pζ, ηq " λ¨pζ, η v , η n q :" pλζ, λη v , λ 2 η n q.
Here ζ represents the covector along the leaves of p F and η " pη v , η n q is the transverse covector to p F , while pζ, η v q corresponds to the covector along the leaves of the larger foliation p F 1 . We shall also denote λ¨η the restricted action λ¨η " pλη v , λ 2 η n q.
The "homogeneous norm" for this action is defined as |η|
. We shall also sometimes use the notation
Moreover, given a multi-index α we set
The bifiltered symbols can now be defined.
Definition 3.2. An element kpz, x, y, σ, ζ, ηq P C 8 pI pˆIpˆIqˆRpˆRpˆRq , M a pCqq belongs to the class S 1 m,ℓ pI pˆRn , R p , M a pCqq if for any multi-indices α, β, and γ, there is a constant C α,β,γ ą 0 so that
Examples are given by homogeneous symbols. The smooth function kpz, x, y, σ, ζ, ηq is (positively) homogeneous of bidegree pm, ℓq if for |σ| ě 1, |ζ| ‰ 0 and |η| 1 ąą 0 for instance, we have kpz, x, y, λ 1 σ, λ 2¨p ζ, ηqq " λ ℓ 1 λ m 2 kpz, x, y, σ, ζ, ηq, for any λ 1 ą 0 and λ 2 ą 0.
As for the usual pseudodifferential calculus, we shall only consider in this paper 1-step classical symbols, i.e. those which have an assymptotic expansion
where each k m,ℓ is homogeneous of bidegree pm, ℓq and " means that for any m ă m 0 , ℓ ă ℓ 0 the difference k´ř măm 1 ďm0,ℓăℓ 1 ďℓ0 k m,ℓ satisfies the estimate (1) for the order pm, ℓq. From now on and for simplicity, S 1 m,ℓ pI pˆRn , R p , M a pCqq will denote the classical 1-step polyhomogeneous symbols in the sense described above.
Any 
can be defined so as to belong to the class Ψ 1 m,ℓ pI m , I p , C a q.
The space Ψ 1 m,´8 pI m , I p , C a q is defined as the intersection space
We also have a convenient direct description of the operators from Ψ 1 m,´8 pI m , I p , C a q as follows. We consider the space S 1 m,´8 pI pˆIpˆIqˆRq , M a pCqq of M a pCq valued functions apx, x 1 , y, ηq, so that for any multiindices α and β, there is a constant C α,β ą 0 so that
Here α " pα 1 ,¨¨¨, αand ă α ą"
The associated operator is given by the quantization formula Aupx, yq " p2πq´q
Again, we may (and will only) consider the 1-step classical symbols which are defined as expansions of (positively) homogeneous symbols, i.e. symbols a as before with the condition apx, x 1 , y, λ¨ηq " λ m apx, x 1 , y, ηq, for |η| 1 ąą 0 and λ ą 0.
We may as well consider the spaces of pseudodifferential operators as above but with the extra condition that their Shwartz kernels are compactly supported in I mˆIm . Then we get the classes Notice now that for any pm, m 1 q P Z 2 , an easy exercise shows that there exists ℓ 0 pm, m 1 q P Z such that for any ℓ ď ℓ 0 pm, m 1 q, we have
Applying this estimate, we obtain for ℓ negative enougȟˇB The converse inclusion is proven similarly and is left as an exercise.
We now extend these definitions to the global situation of our bounded geometry bifoliation p x M , p F Ă p F 1 q. Since we shall only need operators with finite propagation for a complete metric on x M , we shall restrict to the class of finite propagation pseudodifferential operators. The general theory for properly supported operators is more involved, see [S87] for the non-foliated case.
Let p U » I pˆIq be a distinguished foliation chart for p F so that the restriction p
with p U 1 a distinguished chart with the same properties, [C79] . The definition of a bifoliation allows us to assume that any such local chart of the holonomy groupoid of p F is compatible with the larger foliation p F 1 , so
Using these charts and trivializations, any element A 0 P Ψ 1 m,ℓ pI m , I p , C a q, defines an operator (recall that our local operators are assumed to be properly supported)
Such operator will be our local model and will be called an elementary (local) operator of class Ψ 1 m,ℓ on the bifoliated manifold p x M , p F Ă p F 1 q. The same construction for pm,´8q classes yields elementary (local) operators of class Ψ 1 m,´8 . Recall that we only consider local open sets which satisfy the usual condition on bounded-geometry manifolds and our distinguished open covers will always be assumed to have bounded diameters. Also, all operators are assumed to have the C 8 -bounded coefficients, with bounds independent of the chosen local charts. Recall that an operator A acting on the sections of p E over x M , has finite propagation if there exists a constant C ą 0, such that for any ϕ,
The operator M ‚ is as usual multiplication by the smooth function ‚ and d is our fixed complete distance. The class Ψ 1 m,ℓ (resp. Ψ 1 m,´8 ) that we shall consider here will be composed of locally finite sums of such elementary operators of class Ψ 1 m,ℓ (resp. Ψ 1 m,´8 ), so will always be assumed to have finite propagation and are also called uniformly supported. More precisely, a finite propagation linear map A :
Eq is of class Ψ 1 m,ℓ (resp. Ψ 1 m,´8 ) if it coincides, in any local charts p U and p U 1 as above, with a finite sum of elementary operators of class Ψ 1 m,ℓ (resp. of class Ψ 1 m,´8 ), and with a global bound on the number of these elementary operators. It will be compactly supported if it has compact support in x Mˆx M . On the other hand, a uniform smoothing operator is an operator with smooth Schwartz kernel k which is uniformly supported (or equivalently has finite propagation with respect to the complete distance) and such that k is C 8 -bounded, see [S92] . This latter property means that we can estimate the derivatives of k in local coordinates by constants which do not depend on the local chart and hence are uniform bounds over x Mˆx M . Such a uniform smoothing operator induces a bounded operator between any usual Sobolev spaces of the bounded-geometry manifold x M , [S92] . The space (obviously å -algebra) of uniform smoothing operators is denoted by Ψ´8p x M , p Eq, while we denote by Ψ´8 c p x M , p Eq the space of compactly supported smoothing operators. Again see the seminal monograph [S92] for a complete exposition of all these properties and results.
Eq the space of operators of the form T " A`R where A is a (finite propagation) operator of class Ψ 1 m,ℓ and R P Ψ´8p x M , p Eq is a uniform smoothing operator.
Eq the space of operators of the form T " A`R where A is a compactly supported operator of class Ψ 1 m,ℓ and R P Ψ´8 c p x M , p Eq is a compactly supported smoothing operator.
Eq preserves the space of compactly supported smooth sections. If A is associated with a distributional kernel k, then finite propagation is equivalent to the existence of a constant
Differential operators are automatically uniformly supported (C " 0 works). Note that composition of a compactly supported operator with a uniformly supported operator is compactly supported.
The corresponding statement holds for compactly supported operators.
Proof. Using the first appendix in [S92] , the results of [K97] , and Remark 3.6 below, we deduce that for any
Eq, the composite operators A˝R and R˝A are uniform smoothing operators. Therefore, we only need to show the proposition for locally finite operators of class Ψ 1 m,ℓ . Using a locally finite partition of unity of x M associated with an open cover as above (with bounded diameters), this is reduced to considering an elementary operator A from sections over p U to sections over p U 1 as above. The proof is thus reduced to the same result in I m " I pˆIvˆIq´v , where this proposition is proven as an easy extension of the main result in [AU85] , see also Proposition 1.39 of [GU90] , as well as [K97] . The same proof works for the formal adjoint A˚. The proof for compactly supported operators is the same and we need only note that composition of compactly supported operators is compactly supported and the adjoint of a compactly supported operator is compactly supported.
is the tangent bundle and x M is compact, we recover the class of pseudodifferential operators Ψ m,ℓ p x M , p F ; p Eq considered in [K97] . When the foliation p F is the foliation by points (zero-dimensional), we recover the class Ψ 1 m p x M , p F 1 ; p Eq of pseudodifferential operators on x M described in [CM95] , based on the Beals-Greiner calculus for the splitting
Moreover, the Connes-Moscovici pseudodifferential operators
Any leafwise classical pseudodifferential operator of order ℓ on p x M , p F q acting on the sections of p E yields an operator in the class Ψ 0,ℓ p x M , p F ; p Eq but with the uniform support defined as an operator in x M . Indeed, obvious general functoriality properties hold for our pseudodifferential operators, with respect to the category of bifoliations.
Recall that the cotransverse bundle p ν˚Ă T˚x M is the annihilator of T p F. It is isomorphic to p N˚' p Vẘ here p N˚Ă T˚x M is the annihilator of T p F 1 . The bundle p V˚is naturally identified with the subbundle of T˚p F 1 which is the annihilator of T p F. We identify it with the dual bundle to the quotient bundle T p F 1 {T p F. The holonomy action generated by the foliation p F on the cotransverse bundle p ν˚induces the holonomy action on the bundle p N˚' p V˚. Note that the choice of a supplementary subbundle to T p
V˚with a subbundle of the transverse bundle p ν˚which, in general, is not preserved by the holonomy action. So the holonomy action is triangular with respect to the decomposition p ν˚» p N˚' p V˚, i.e. it maps p N˚to itself. We define similarly the space of leafwise smoothing operators as follows.
Definition 3.7. The space of uniformly supported C 8 -bounded leafwise smoothing order m operators is
Similarly, the space of compactly supported leafwise smoothing order m operators is
Eq can also be defined directly at the level of symbols as proven above for the local operators. Indeed, the space
Eq of Definition 3.7 is easily identified with the space of linear maps
Eq of the form T " A`K with A uniformly supported of type Ψ 1 m,´8 and K P Ψ´8p x M ; p Eq is a uniform smoothing operator. A similar description holds for compactly supported operators.
The˚-algebra of all bifiltered uniformly (respectively compactly) supported pseudodifferential operators is
The spaces
are also˚-algebras. The spaces
coincide respectively with the two-sided˚-ideals
Eq is the space of smooth sections p of the pull-back of the bundle p E to pr˚p N˚' r˚p V˚q p G whose support projects to a uniform subset of p G and which are m-homogeneous in the sense that ppp γ, λ¨ηq " λ m ppp γ, ηq, @λ ą 0.
That such homogeneous symbols are defined globally as sections over pr˚p N˚'r˚p V˚q p G is proven in [CM95] . By a uniform subset of p G we mean here a uniform neighborhood of x M in the Hausdorff groupoid p G. We may define this notion, using a complete Riemannian lengh function |¨| on the groupoid p G as explained in the previous section. That is as a subset which is contained in some ball-neighborhood of x M in p G of the type t|p γ| ď Ru. When x M is compact, a uniform subset is just a relatively compact subset. Here pp γ, ηq P r˚p N˚' r˚p V˚(i.e. η P p Nr pp γq ' p Vr pp γq ) and we only need to impose homogeneity for instance when |η| 1 ąą 0. As in the usual pseudodifferential calculus, we introduce the class S 1 m of classical symbols of order ď m as those symbols which have, in local charts, an asymptotic expansion into homogeneous ones. Composition of symbols p 1 and p 2 of types S 1 m1 and S 1 m2 gives a symbol of type S 1 m1`m2 . See for instance [CM95] for the details. Given such p of order m, the principal symbol is given by the usual formula σpp γ, ηq :" lim
So, the principal symbol is a well defined global section which lives in S 1 m hom p p N˚' p V˚; p Eq. The formula for the composition of such homogeneous symbols is given, [CM95, K97] , by
While W p γ 1 r‚s is conjugation by the linear isomorphism from p E spp γ 1 q to p E rpp γ 1 q given by the holonomy action that we have fixed on p E, the transformation h p γ 1 is the transpose of the holonomy isomorphism induced by p γ 1´1 , a linear isomorphism from p Ns pp γ 1 q ' p Vs pp γ 1 q to p Nr pp γ 1 q ' p Vr pp γ 1 q , which in general is not diagonal and does not respect the homogeneity condition. So, h p γ 1 is given by a triangular matrix
and the formula above means that we replace σ 2 pp γ 1´1 p γ, h p γ 1 ηq by the top-degree homegenous part in η, which is denotedσ 2 pp γ 1´1 p γ, h p γ 1 ηq. See again [CM95] , page 18, for the precise expansion of σ 2 pp γ 1´1 p γ, h p γ 1 ηq with respect to A nv η v and which justifies the replacement. To sum up, the principal symbol of a given
Eq can be defined using local charts and is well defined as a global section which belongs precisely to S 1 m hom p p N˚' p V˚; p Eq. Moreover the expected compatibility with the composition of operators holds as far as we write down a meaningful composition formula for the principal symbols. Moreover, by reducing to the case of the local operators A 0 pp γq for some classes p
, it is easy to extend the Connes-Moscovici proof [CM95] [pages 18-19] and to deduce the following Proposition 3.8. The principal symbol induces an involutive algebra homomorphism
If we consider the Connes-Moscovici pseudo' calculus Ψ 1˚p x M , p F 1 , p Eq as defined in [CM95] , with respect to the splitting of the tangent bundle
Eq has a well defined principal symbol σpP q which is an m-homogeneous (with respect to the scaling λ¨ξ) section over T˚x M » T˚p F 1 ' p N˚, which is compatible with compositions of operators, and which can be restricted to an m-homogeneous section over p V˚' p N˚. This was proven in [CM95] . In addition, we have the following compatibility result.
Proposition 3.9. Given operators
Eq, the operators P 1 P 2 and P 2 P 1 belong to
Eq. In addition, for any p γ P p G and any η P p Vr pp γq ' p Nr pp γq , σpP 1 P 2 qpp γ, ηq " σpP 1 qprpp γq, ηq σpP 2 qpp γ, ηq and σpP 2 P 1 qpp γ, ηq " σpP 2 qpp γ, ηq σpP 1 qpspp γq, t ph p γ,˚q ηq.
Proof. The operator
Eq acts on smooth compactly supported sections as an element of
Eq, therefore the composite operators P 1 P 2 and P 2 P 1 act as operators from
Reducing to local charts, if P 1 is the quantization of the classical symbol p 1 in the Connes-Moscovici calculus, then P 1 is the quantization in our calculus Ψ 1 m1,0 of the symbol k 1 pz, x, y, σ, ζ, ηq " p 1 px, y, ζ, ηq.
Using the quantization formulae, a straightforward computation then gives the formula for the principal symbol of the composition.
Corollary 3.10. Assume that
Eq has a holonomy invariant transverse principal symbol and that
Eq. Then σrP 1 , P 2 spp γ, ηq " rσpP 1 qprpp γq, ηq, σpP 2 qpp γ, ηqs.
In particular, if P 1 or P 2 is a scalar operator, then the commutator operator
Proof. Since the transverse principal symbol of P 1 is holonomy invariant, we have σpP 1 qpspp γq, t h p γ,˚η q " σpP 1 qprpp γq, ηq. The result follows. If P 1 or P 2 is a scalar operator, then the commutator rσpP 1 qprpp γq, ηq, σpP 2 qpp γ, ηqs vanishes and hence the principal symbol of rP 1 , P 2 s has a zero m 1`m2 -homogeneous component with respect to our action λ¨η. Then since we only deal with one-step polyhomogeneous classical symbols, we have that
3.2. Transversal Beals-Greiner order.
Definition 3.11. A classical uniformly supported pseudodifferential operator P from the Connes-Moscovici calculus
Eq is uniformly elliptic if there exists a constant C ą 0 such that the principal symbol σp p P q of p P , a section over T˚p F 1 ' p N˚, satisfies the estimate
Such operator will be called uniformly transversely elliptic if we only impose this condition under the as-
Recall that the principal symbol σp p P q is m-homogeneous with respect to the scaling λ¨η defined before. So, uniformly elliptic operators are uniformly transversely elliptic, but the class of uniformly transversely elliptic operators is more interesting. The transverse principal symbol of an operator P from the Connes Definition 3.12. An order ℓ uniformly supported classical operator P in the Connes-Moscovici calculus
Eq has transversal order m ď ℓ (with respect to p F ) if P has order m in some conic neighborhood U ǫ " t|ζ| ă ǫ|η| 1 u of the total space of the cotransverse subbundle p ν˚to p F in the cotangent bundle T˚x M , with the lengh function being as above given by |ζ|`|η| 1 . We denote by Ψ 1 m pp ν˚, p Eq (resp. Ψ 1 m c pp ν˚, p Eq) the space of such uniformly (resp. compactly) supported pseudodifferential operators with transversal order ď m in some conic neighborhood of p ν˚.
For the convenience of the reader, we give a proof of the following lemma which will be used in the sequel. Recall the adapted Sobolev spaces of Appendix A.
Lemma 3.13. Assume that
Eq is a uniformly supported order ℓ operator which has transversal order m ď ℓ. Then the operator P belongs to our pseudodifferential class
Eq. In particular, for every s, k, the operator P extends to a bounded operator
Proof. Since P is uniformly supported (and neglecting uniform smoothing operators for which the lemma is obvious), we may use a partition of unity argument to reduce the proof to the case of a local operator. But then we know that the total symbol p of P satisfies estimates in every (relatively compact) local chart from a uniform atlas as in the previous section, namely
We need to check that the total symbol p satisfies the estimates
This is obviously true if px, y; ζ, ηq belongs to the conic neighborhood U ǫ " t|ζ| ă ǫ|η| 1 u where P has the transverse order m, by simply using the fact that ℓ´m ě 0. Outside U ǫ the estimate also holds easily by using the inequality 1`|ζ|`|η| 1 ďˆ1`1 ǫ˙p 1`|ζ|q .
Since any such symbol which satisfies the estimates (4), defines by quantization an element of class Ψ 1 m,ℓ´m by simply setting aps, x, y; ζ, η, σq :" ppx, y; ζ, ηq, the proof is complete.
Lemma 3.14. Assume that m ă´pv`2nq and that ℓ ă´p. Then any compactly supported operator P in Ψ
Eq extends to a bounded operator on the Hilbert space L 2 p x M ; p Eq, which is trace class.
Proof. That P extends to a bounded operator has already been proven for m ď 0 and ℓ ď 0 and even for P uniformly supported. So we need to prove the trace-class property. We shall first prove that if m ă´pv`2nq{2 and ℓ ă´p{2, then any compactly supported operator in Ψ 
Then, we easily deduce the existence of a constant C ě 0 depending on the parameters such that ż |Kpx, y;
Using Petree's inequality, one deduces the existence of a constant
Therefore, it remains to show that
The integral ż p1`|η| 1 q 2m dη behaves like the integral ż p1`|η| 1 4 q m{2 dη and one has
Therefore, it converges if and only if´2m´2n ą v and´m ą n, i.e. m ă´pn`v{2q. If we also assume that ℓ ă´p{2, we have
Therefore,
If m ă´pv`2nq and ℓ ă´p, then classical arguments show that there exist P 1 and
Eq such that P " P 1 P 2 , with m 1 ă´pv`2nq{2 and ℓ 1 ă´p{2. This can be justified by reducing to the local picture again and by using the powers, as pseudodifferential operators in our calculus, of the local Lapacian operators to get L 2 -invertible operators of any bi-order pm 1 , ℓ 1 q as follows. In local coordinates we may consider the operators
Since P is compactly supported, we can in particular find a smooth compactly supported function ϕ on x M such that
Moreover, we can find a smooth compactly supported function ψ on x M such that P A m 1 ,ℓ 1 " P A m 1 ,ℓ 1 M ψ . Now we can write
Choosing appropriately m 1 and ℓ 1 , we obtain the claimed decomposition P " P 1 P 2 . Therefore, using the corresponding bounded operators on the Hilbert space L 2 p x M ; p Eq, we see that P is the composition of two Hilbert-Schmidt operators, and hence that P is a trace-class operator.
Eq is compactly supported with m ă 0 and ℓ ă 0, then P extends to a compact operator on L 2 p x M ; p Eq.
Proof. Using Remark A.3 of the Appendix, we deduce that P extends to a bounded operator on the Hilbert space L 2 p x M ; p Eq. Moreover, the operator pP˚P q N belongs to Ψ
Eq and hence for N large enough and using Lemma 3.14, the operator pP˚P q N is a bounded trace-class operator which is therefore a compact operator. Using the spectral theorem together with the polar decomposition shows that P is itself a compact operator on the Hilbert space L 2 p x M ; p Eq.
The following corollary will be used in the sequel.
Corollary 3.16.
(1) If m ď 0 then the operator P extends to a bounded operator on L 2 p x M ; p Eq. (2) If m ă´pv`2nq (resp. m ă 0) and P is compactly supported, then the bounded extension of P to L 2 p x M ; p Eq is a trace-class operator (resp. a compact operator). 
We
Viewing the smooth uniformly supported and smoothly bounded function k on pV, γ 0 , V 1 q as a function on » I pˆIpˆIq , we see that it satisfies the estimate for a symbol of class p0,´8q (it does not depend on the convector variable η). For fixed x P I p , and writing
we see that πpkq is a pseudo differential operator of class Ψ 1 p0,´8q and in fact also Ψ 0,´8 . If k is compactly supported then obviously πpkq is a finite sum of compactly supported operators of class Ψ 1 p0,´8q and hence is compactly supported.
The above representation π will only be used for k P A " C 8 c p p
Gq. The restriction of the principal symbol of a uniformly transversely elliptic operator to some punctured conic neighborhood of the cotransverse subbundle p ν˚to p F as before, is invertible with uniformly bounded inverse. Applying the parametrix construction (see [H] ), we thus get
Eq be a uniformly supported pseudodifferential operator which is uniformly transversely elliptic with respect to p F . Then there exists
Proof. This is the classical construction of the parametrix away from the characteristic variety of the pseudodifferential operator P . See for instance [H] .
We can now deduce the following.
Eq be a uniformly supported pseudodifferential operator from the Connes-Moscovici calculus associated with the foliation p F 1 . Assume that P is uniformly transversely elliptic with respect to p F and let Q P Ψ 1´ℓ p x M ; p F 1 ; p Eq be a parametrix as in Theorem 3.18. Then for any k P C Proof. Recall that the codimension of p F is q and that its dimension is p, so p`q " m " dim x M . Moreover, we have the decomposition q " v`n where v is the rank of p V » T p F 1 {T p F and n " q´v is the rank of p N » T x M {T p F 1 . By Proposition 3.18, we know in particular that
On the other hand, by Proposition 3.13, we deduce that
But for any k P C 8 c p p Gq we proved in Lemma 3.17 that πpkq P Ψ
As a consequence, we obtain πpkqpI´QP q and πpkqpI´P Qq P Ψ
The proof is completed using Lemma 3.14.
Proposition 3.20. Assume that P P Ψ
Eq be a parametrix of P as in Proposition 3.18. Then we get πpkqP´1 " πpkqRP´1`πpkqQ where R " I´QP.
From the previous corollary, we know that πpkqR (and hence also πpkqRP´1) is a bounded trace class operator.
Applying (2) of Proposition 3.16, we deduce that πpkqQ extends to a bounded operator on L 2 p x M , p Eq which belongs to the claimed Schatten ideal. In particular, it is compact.
Eq be a uniformly supported uniformly transversely elliptic pseudodifferential operator from the Connes-Moscovici calculus as before. Assume that p D induces an essentially self-adjoint operator on the Hilbert space
Eqq for any r ą v`2n. In particular, it is a compact operator.
Proof. Simply apply the previous proposition to P " D`i.
3.4. The CM operator for (strongly) Riemannian bifoliations. An important example of a uniformly supported uniformly transversely elliptic pseudodifferential operator satisfying the assumptions of Corollary 3.21 is the transverse signature operator associated with Riemannian bifoliations. In this case, an interesting transversely hypo-elliptic Dirac-type operator is given by the Connes-Moscovici construction that can be adapted to foliations as we now explain. See [CM95] . In particular, we return to the general situation of smooth bounded geometry bifoliations.
V which is such that T p F 1 " T p F ' p V and the metric induced from that on T p
In the above definition, holonomy invariance is understood with respect to the foliation p F . It means that the action of the holonomy transformation associated with some γ P p G 
is the component of bidegree p1, 0q, so the component which sends Λ a,b to Λ a`1,b . We denote by Q p V the second order essentially self-adjoint signature operator along the leaves of p V . By definition, see [CM95] , this is given by
Here dp V is the formal adjoint of d p V as an operator on p H " L 2 p x M , p Eq. The operator Q p V is then an elliptic operator along the leaves of the foliation generated by p V . Indeed one can easily check that
up to zero-th order operators.
On the other hand, using our choice of a normal bundle p N to p F 1 and the isomorphism ν p F 1 » p N Ă T x M , we have a well defined transverse component to p F 1 of the de Rham differential on the ambient manifold x M which acts on p E. More precisely, this is the restriction to the smooth sections of p E of the component of tridegree p0, 0, 1q corresponding to the decomposition of forms induced by the isomorphism
This latter component thus corresponds to differentation in the transverse directions to p 
and (see [CM95] )
is the form degree of the Λ ‚ νp F 1 components. Since all our geometric data are C 8 -bounded, we deduce that Q is uniformly transversely elliptic.
Since the manifold x M as well as the foliations have bounded geometry, classical argumentsà la Chernoff [C] (see also [S92] and [S87] ) show that the operator Q has uniformly bounded coefficients. Moreover by classical arguments, the operator Q 2 can be extended to a non-negative self-adjoint operator that we still denote by Q 2 for simplicity.
Definition 3.24.
[CM95] The CM transverse signature operator D sign is defined by the spectral formula
Following the same proof as in [CM95] , one can show that the operator D sign belongs to Ψ 1 1 p x M , p F 1 ; p Eq and is a uniformly transversely elliptic operator (with the holonomy invariant principal symbol).
The above constructions on (strongly) Riemannian bifoliations actually allow one to deduce all the important topological results on general smooth foliations of bounded geometry. We now explain the idea behind this reduction construction, which is due to Alain Connes. It goes back to his reduction method from type III to type II von Neumann algebras as intensively exploited in his breakthrough results on the classification problem of type III von Neumann algebras. See [C86] . Fix a smooth foliation pM, F q and denote by x M x , x P M , the set of positive definite quadratic forms on the transverse bundle ν x " T x M {T x F . If q is the codimension of the foliation F , then x M x can be identified with the homogeneous space GLq pRq{SO q pRq » RˆSL q pRq{SO q pRq. The tangent space to GLq pRq{SO q pRq can in turn be easily identified with the space S of symmetric q-matrices. There is a GLq -invariant metric on the manifold GLq pRq{SO q pRq given for A P GLq pRq and pB, Cq P S 2 by g rAs pB, Cq "ă A´1B, A´1C ą HS with ă ‚, ‚ ą HS the Hilbert-Schmidt scalar product.
The family x M " p x M x q xPM is then a smooth fibration over M . Indeed π : x M Ñ M is the fiber bundle of Euclidean metrics on the transverse bundle ν " T M {T F . So, the fibers of this fibration are contractible manifolds of nonpositive sectional curvature. In fact, it is easy to see that the fibers of x M are all diffeomorphic to some R N . The group GLq pRq acts on the left on x M by fibre-preserving diffeomorphisms. There is a lift of the foliation F to x M , of the same dimension, denoted p F . If px, rAsq P x M x , its leaf consists of all py, rBsq P x M where y P L x , the leaf of x, and there is a path γ in L x starting at x and ending at y, so that the induced action of the holonomy along γ on the fibers of x M takes rAs to rBs. There is a second foliation, denoted p F 1 , containing p F , whose leaves are the inverse images of the leaves of F under π : x M Ñ M . It may also be described as the foliation associated to the subbundle T p F b p V of T x M , which is the kernel of p˝π˚. Here p : T M Ñ ν is the projection to ν, and p
Lemma 3.25.
[C86] Let pM, F q be a smooth bounded-geometry foliation and x M the fiber bundle of all the Euclidean metrics on ν, the normal bundle of F . Then x M is endowed with a strongly Riemannian bifoliation consisting of p F and p F 1 .
Proof. The normal bundle to p F is isomorphic to the bundle
The Hilbert-Schmidt scalar products on the fibres of x M give a smooth metric on the bundle p V . On the other hand any element rAs of x M x is itself a metric on ν x and hence yields a scalar product on ν x . The vertical bundle p V is clearly integrable and strictly transverse to the foliation. It is also clear that p V is preserved 20 by the holonomy action of p F and that the direct sum subbundle T p F ' p V of the tangent bundle T x M is integrable and generates the foliation p F 1 . Therefore, p x M , p F Ă p F 1 q is a smooth bifoliation. Moreover, an easy inspection shows that x M as well as its foliations p F and p F 1 do have bounded geometry since pM, F q has bounded geometry.
The action of the holonomy transformations of p F on the transverse bundle ν p F can be described as the action induced on the metrics over ν from that on ν. More precisely, any holonomy transformation ψ corresponds to a holonomy transformation ϕ in pM, F q. So, if g is a metric on ν x then the holonomy transformation ψ associated with an element of p G πpgq . The action on the vertical bundle is thus given by the differential of the above action and we have @X P T p V g and with respect to the metric defined on p V ,
where B g is an element of GLq pRq representing a class corresponding to g. Whence the action of ψ˚on the transverse bundle to p x M , p F q decomposes with respect to the vertical bundle, and any supplementary bundle, in the required triangular formˆψ
here ψ 22 is an orthogonal transformation from T V g to T V g 1 . That ψ 11 is also isometric is in fact obvious and is a tautology. In particular, if πpgq " x and Y P pπ˚νq g -ν x , then ψ˚pY q " pψ 11 pY q, ψ 21 pYand we have }ψ 11 pY q} 2 " }π˚pD g pψqpY qq} 2 " ψpgqpπ˚pD g pψqpY qq, π˚pD g pψqpY.
But π˚˝D g pψq " D x pϕq˝π˚and we finally obtain }ψ 11 pY q} 2 " ψpgqpD x pϕqpπ˚pY qq, D x pϕqpπ˚pY" gppD x pϕq´1˝D x pϕq˝π˚qpY q, pD x pϕq´1˝D x pϕq˝π˚qpY" }Y } 2 .
4. The NCG of proper bifoliated actions 4.1. Algebras associated with (bi)foliated actions. Let p x M , p F Ă p F 1 q and p E be as above, of bounded geometry, together with a right action of a countable discrete group Γ by T p F-preserving diffeomorphisms which also preserves T p F 1 . So Γ acts by diffeomorphisms of x M which send leaves of p F to leaves of p F and also leaves of p F 1 to leaves of p F 1 . In particular, all leaves (of p F as well as of p F 1 ) in a given orbit are diffeomorphic. We will assume that x M is endowed with a Γ-invariant Riemannian metric and that there is a Γ-invariant Hermitian structure on p E. We then consider the space L 2 p x M , p Eq of L 2 -sections of p E, which is defined with respect to these Γ-invariant structures, so that it furnishes a unitary representation of Γ.
The normal bundle p ν to the foliation p F , will be identified with the orthogonal bundle to T p F with respect to the Γ-invariant metric, and is an example of bounded geometry Γ-equivariant vector bundle over x M and it is also of bounded geometry over each leaf. This normal bundle is endowed with the linear action of the holonomy pseudogroup of the foliation p F which commutes with the action of Γ. The same properties hold for all functorially associated bundles such as its dual bundle p ν˚and its exterior powers. Also, when the normal bundle p ν is K-oriented with a Γ-invariant spin c structure, the associated spinor bundle is endowed with the action of the holonomy pseudo group of the foliation p F and is Γ-equivariant again with commuting actions. This spinor bundle is then of bounded geometry over x M as well as over all leaves. We fix a Hausdorff Lie groupoid p G which generates the foliation p x M , p F q and which is a quotient of the monodromy groupoid and a covering of the holonomy groupoid. For simplicity, the reader may assume that the groupoid p G coincides with the holonomy groupoid and that this latter is Hausdorff. The classical convolution˚-algebra associated with the groupoid p G is A :" C 8 c p p Gq. Recall that we also have the larger algebra C 8 u p p Gq. Observe that the group Γ also acts on p G by groupoid isomorphisms so that the source and range maps s and r are Γ-equivariant. Indeed, Γ acts on the monodromy groupoid and this action descends to an action on the holonomy groupoid since it obviously respects the holonomy equivalence relation. We denote by p G¸Γ the crossed product groupoid which is obviously a Lie groupoid with the same unit space x M and with the rules spp γ, gq " spp γqg, rpp γ, gq " rpp γq, and pp γ, gqpp γ 1 , g 1 q " pp γpp γ 1 g´1q, gg 1 q if rpp γ 1 q " spp γqg.
The fibers of this Lie groupoid are the cartesian products of the fibers of p G with the group Γ and are hence endowed with the invariant Haar system p η b δ where p η is the p G-invariant Haar system (given by lifting a Lebesgue measure on the leaves of p x M , p Fq) and δ is the Γ-invariant counting measure on Γ. The convolution -algebra of smooth compactly supported functions on the groupoid p G¸Γ is denoted B. Given ϕ, ψ P B, recall that pϕψqpg; p γq :" ÿ
and ϕ˚pg; p γq :" ϕpg´1; p γ´1gq.
The algebra B may be identified with the convolution algebra of finitely supported functions on Γ with values in the convolution˚-algebra A. Then we can rewrite the algebra structure as pϕ˚ψqpgq " ÿ g1g2"g ϕpg 1 q˚g 1 pψpg 2and ϕ˚pgq " rgϕpg´1qs˚.
Notice that all these rules make sense for the larger algebra C Gq. An interesting situation occurs for proper actions of countable discrete groups. In this case, the quotient M " x M {Γ is Hausdorff and we call any such pair p x M , Γq a proper smooth presentation for the space M . Since Γ acts by isometries of x M , preserves the bifoliation p F Ă p F 1 , and preserves the Hermitian structure on p E, it acts by filtration-preserving automorphisms on the spaces
Eq. For simplicity, we shall concentrate on the action on the compactly supported operators and we introduce the (algebraic) crossed product class Ψ
Eq¸Γ. This is the space of finitely supported functions on Γ which take values in Ψ
Eq. When Γ acts properly and cocompactly on x M , this is the natural space of operators for our study here, but in general one might need a slightly larger algebra of vertically compactly supported operators. For simplicity, we shall avoid this discussion here and leave the easy extension to the interested reader. Composition of such elements involves the action of Γ on Ψ
Indeed, the elements of Ψ
where U g is the unitary on L 2 p x M , p Eq corresponding to the action of g P Γ, and which preserves
Eq, is given by rU g ξsp p mq :" gξp p mgq, where we use the action of Γ on p E.
Similar definitions give the spaces 
where the crossed products are algebraic. . Then for any g 1 , g 2 P Γ, we deduce that
Eq. Since for any g P Γ, the operator pABqpgq is a finite sum of operators of this kind, we get that
But AB is then obviously finitely supported, hence it belongs to Ψ m1`m2,ℓ1`ℓ2 Γ . The second statement of (1) is also clear since composition of a compactly supported operator with a uniformly supported operator is a compactly supported operator.
For (2), fix A P Ψ m,ℓ Γ and s, k as above. We know that for any g P Γ, ||Apgq||
where the sum is of course finite. Then a straightforward estimate shows
As explained above, if we assume that the Hermitian structure on p E is Γ-invariant and that Γ acts by isometries on x M , then the induced action U of Γ on the Hilbert space p
Eq is a unitary representation. For any operator T on the Hilbert space p H and any g P Γ, we denote by gT the operator obtained by conjugation, i.e. gT :" U g T U´1 g . Any finitely supported operator-valued function A : Γ Ñ Bp p Hq acts on the Hilbert space of ℓ 2 functions from Γ to p H, which is as usual identified with the spacial tensor product ℓ 2 Γ b p H, through the operator λpAq defined by λpAqpδ g b ξq " ÿ kPΓ δ kg b rU k˝A pkqspξq for g P Γ and ξ P p H.
As usual δ g is the delta function at g P Γ, that is the characteristic function of tgu. Notice that the space CpΓ, Bp p Hqq of such operator-valued finitely supported functions A is a unital˚-algebra for the rules pABqpgq :" ÿ kh"g rh´1Apkqs˝Bphq P Bp p Hq and A˚pgq :" g´1Apg´1q˚.
Then, λ is a˚-representation in ℓ 2 Γ b p H as can be checked easily. N is the crossed product von Neumann algebra which will be used in the sequel. The group Γ acts on ℓ 2 Γ b p H through the representation ı dp η x m pp γq.
For any g P Γ and any p γ P p G, the compatibility of the action of Γ with the foliation means that pg¨q˝W p γk " W p γ˝p g¨q. This representation is obviously well defined on the bigger algebra of continuous compactly supported functions but this will not be needed here. When the holonomy action W preserves the Hermitian structure of p E, the above representation p π is an involutive representation. We shall describe examples of such bundles provided by bundles functorially associated with the transverse bundle to the foliation when this latter is Riemannian, or more generally functorially associated with the splitting of the normal bundle when this latter is almost Riemannian. We shall in fact only need this construction in the almost Riemannian case with a bundle which is holonomy invariant (and Γ-invariant) as a Hermitian bundle, so we assume from now on that the representation p π is involutive.
Remark 4.3. Recall the averaging representation π of C
This representation p π can be reinterpreted as
Notice that if ϕ " f δ α then rp πpϕqpξqs g " πpf q˝rV α ξs g and hence p πpϕq belongs to N . This shows that p πpϕq belongs to N for any ϕ P B. Viewed as an infinite matrix of operators in p H, indexed by ΓˆΓ, one checks that p πpϕq g 1 ,g " πpϕ g 1 g´1 q˝U g 1 g´1 , @g 1 , g P Γ.
We actually have the following Lemma 4.4. For any ϕ P B " C 8 c p p Gq¸Γ, the operator p πpϕq belongs to the von Neumann algebra N .
In general, a direct computation shows that for any T P N , we have, with the obvious notation,
Recall that we have assumed that Γ acts by unitaries on the Hilbert space p H.
Definition 4.5. Let pf i q be an orthonormal basis of the Hilbert space p H. For any nonnegative operator
It is easy to check that the functional TR does not depend on the choice of the pf i q.
Proposition 4.6. TR extends by linearity to a normal semi-finite faithful positive trace on N .
Proof. Note that for any T P N , the entries of the infinite matrix pT α,β q α,βPΓ , which are bounded operators in p H, satisfy T α,β " T e,βα´1 , and hence only depend on βα´1. In particular, T α,e " T e,α´1 . In addition, if T " S˚S with S P N then
TRpT q " ÿ αPΓ TrppS α,e q˚S α,e q.
Now pS˚q e,α " pS α,e q˚, but TrppS α,e q˚S α,e q " TrpS α,e pS α,e q˚q " TrpS e,α´1 pS e,α´1 q˚q. This proves that TRpS˚Sq ě 0 and that TRpS˚Sq " TRpSS˚q. Moreover, if TRpT q " 0 then we get TrppS α,e q˚S α,e q " 0 for any α. Since the usual trace Tr is faithful, we deduce that S α,e " 0 for any α P Γ and hence since S P N , S " 0. Therefore, TR is a faithful positive tracial functional as claimed. Normality of the trace TR is a consequence of the normality of the usual trace Tr since TRpT q " TrpT e,e q.
Proposition 4.7. Suppose that T is an element of N such that for any g 1 , g and any k P A, the operator πpkqT g 1 ,g is trace class in p H. Then for any ϕ P B, the operator p πpϕqT belongs to the Schatten ideal of TR-trace class bounded operators in N and we have
Proof. We assume first that T is an element of N such that for any g 1 , g and any k P A, the operator πpkqT g 1 ,g is Hilbert-Schmidt in p H. Then we have
The Hilbert-Shmidt norm in N , with respect to the trace TR, is given by ||A|| The sums being finite, we concentrate on each term and we can writěˇˇˇπ pϕ gk´1 q˝U gk´1˝Tk˝Ukˇˇ2 ďˇˇˇˇπppkg´1qϕ gk´1 q˝T kˇˇ2
Thus p πpϕqT is a Hilbert-Schmidt operator with respect to the trace TR in the von Neumann algebra N acting in the Hilbert space ℓ 2 Γ b p H. A classical argument then shows that if the operator πpkqT g 1 ,g is Tr-class in p H for any k P A, then p πpϕqT is TR-class operator in the von Neumann algebra N . Moreover,
The sum is of course finite.
4.2.
A II 8 triple for proper actions on bifoliations. For p ě 1, we denote by L p pN , TRq, or simply L p pN q the p-Schatten space, i.e. the space of TR-measurable operators A such that pA˚Aq p{2 has finite TR-trace, [B03, BF06] . We point out that L p pN q X N is a two-sided˚-ideal in N whose closure is the two-sided ideal KpN q " KpN , TRq of TR-compact operators.
Lemma 4.8. Given a bounded operator T on p H, we have ‚ If T belongs to the Schatten ideal L r p p Hq for some r ě 1 then the operator T b Id ℓ 2 Γ belongs to Schatten ideal L r pN , TRq X N in the von Neumann algebra N . ‚ If T is a compact operator then T b id ℓ 2 Γ is a TR-compact operator in N .
Proof. Since the correspondence T Þ Ñ T bid ℓ 2 Γ respects composition and adjoint, we can reduce the proof by standard arguments to the case of a nonnegative trace-class operator T (so r " 1). But then a straightforward computation gives TRpT b id ℓ 2 Γ q " TrpT q.
For the second item, we may assume that T is nonnengative with eigenvalues pλ n q ně0 which satisfy λ n Ñ 0 as n Ñ`8. The singular values pµ TR t q tě0 of T b id ℓ 2 Γ with respect to the trace TR of N are then given by [FK96] µ t pT b id ℓ 2 Γ q " λ rts pT q p" µ t pT qq, where rts is the integral part of t. Therefore, we also have µ TR t Ñ 0 as t Ñ`8. Thus the operator T b id ℓ 2 Γ is TR-compact in N .
Proposition 4.9.
(1) For ϕ P B, the operator p πpϕq belongs to Ψ c,Γ , we only need to show that for any k P A, the operator πpkq belongs to the class Ψ
But this is the content of Lemma 3.17. Regarding (2), we can apply (2) of Proposition 4.1 to deduce that T induces a bounded operator on the Hilbert space p H b ℓ 2 Γ. On the other hand we can see such operator (or rather λpT q) as an element of N since it belongs to CpΓ, Bp p Hqq. For (3), from the definition of the trace TR on the von Neumann algebra N , it is clear that we only need to show that for any
p Eq, with m ă´pv`2nq and ℓ ă p, the corresponding operator λpAq is trace class as an operator on p H. But this is precisely the content of (2) of Corollary 3.16. The proof of (4) is similar since some power of T˚T is then TR-class in N and this implies by standard arguments (left as an exercise) that T itself is TR-compact.
We quote the following corollary which will be used in the sequel. Recall that all our Γ-equivariant vector bundles are holonomy equivariant and have C 8 -bounded geometry. We are now in position to state the main theorem. 
Then the triple pB, N , p D¸q is a semi-finite spectral triple which is finitely summable of dimension v`2n.
Remark 4.14. We have implicitely used the trace TR on N and the operator p D¸has domain ℓ 2 pΓ, Domp p Dqq with Domp p Dq being the domain of the self-adjoint extension of p D.
Proof. By the first and second items of Proposition 4.12, we know that pℓ 2 pΓ, Domp p Dq, p D¸q is also selfadjoint and affiliated with the von Neumann algebra N . By Corollary 3.21, we know that for any k P C 8 c p p Gq the operator πpkqp p D`iq´1 belongs to the Schatten ideal L r pL 2 p x M , p Eqq for any r ą v`2n. Since we obviously have
we can use again Lemma 4.8 and Proposition 4.12 to deduce that for any ϕ P B, we have
We also proved in Lemma 3.17 that πpkq belongs to Ψ
Therefore, using Corollary 3.10 since p D has a holonomy invariant transverse principal symbol, we have that the commutator
Eq and yields a bounded operator on the Hilbert space L 2 p x M ; p Eq. Applying the third item of Proposition 4.12, we see that for any ϕ P B the commutator rp πpϕq, p D¸s is a well defined bounded operator on p H b ℓ 2 Γ which belongs to N . It is easy to check using the local Laplacians that the dimension is precisely v`2n. This is achieved using Proposition 4.15 below, where we compute the semi-finite Dixmier trace as defined in [BF06] .
Denote by R the vector field generator of the flow s Þ Ñ pe s η v , e 2s η n q and by σ´p v`2nq pP q the principal symbol of an operator
Eq. Then σ´p v`2nq pP q is a homogeneous section over the total space of the bundle r˚p V˚' r˚p N˚over the graph p G of p F for the modified dilations λ¨η defined above. The following is an easy modification of Proposition I.2 in [CM95] , and its proof is omitted. . The induced operator on p H b ℓ 2 Γ, which also belongs to the von Neumann algebra N , belongs to the Dixmier ideal L 1,8 pN , TRq associated with the semi-finite von Neumann algebra pN , TRq. Moreover, for any Dixmier state ω as in [BF06] , the Dixmier trace TR ω pP q does not depend on ω and is given by the following formula TR ω pP q " Cpp, v, nq
where Cpp, v, nq is a constant which does not depend on ω and P e is the evaluation of P at the unit element e P Γ. Note that we have restricted σ´p v`2nq pP e q to x M and hence the formula only involves the symbol as a section over a "sphere" in the total space of the bundle p V˚' p N˚over x M .
Remark 4.16. If we assume furthermore that p D 2 is also essentially self-adjoint with the scalar principal symbol in the Connes-Moscovici calculus, then the semi-finite spectral triple pB, N , p D¸q is regular with simple dimension spectrum contained in tk P N| k ď v`2nu. This result will not be used in the sequel and the proof is a straigtforward (although tedious) extension of the proof given for Riemannian foliations in [K97] .
In the case of trivial Γ, Theorem 4.13 extends the results of [K97] to non compcat bounded geometry foliations which moreover are not necessarily Riemannian but do satisfy the almost Riemannian condition of Connes-Moscovici [CM95] . For non compact x M , the algebra C 8 c p p Gq can be replaced by a larger algebra and still produce such a spectral triple but we have restricted ourselves to this simplest situation which will be adapted to proper (cocompact) actions in the next sections. As explained in the previous section, replacing the original (bounded-geometry) foliated manifold by its Connes fibration of transverse metrics, we can construct, using Theorem 4.13, additive maps from the K-theory of Connes' C˚-algebra of any foliation to the reals by using any operator p D which satisfies the assumptions of Theorem 4.13 on this fibration. Recall that for a strongly Riemannian bifoliation with p V and p N oriented and even dimensional, the CM transverse signature operator p D sign associated with the Riemannian structures and the transverse orientations was defined in 3.4. Since the metric on x M and all structures on our bundles are Γ-invariant, the operator p D sign is Γ-invariant. Thus, we have the following important corollary.
Γq is a strongly Riemannian bounded geometry bifoliation with the proper bifoliated action of the countable group Γ as above. Then the triple
is a semi-finite spectral triple of finite dimension equal to v`2n. Moreover, this spectral triple is regular with simple dimension spectrum contained in tk P N|k ď v`2nu.
The Connes-Chern character of this spectral triple, in periodic cyclic cohomology, is called the equivariant transverse signature class of the almost Riemannian foliation p F with its proper action Γ. It is denoted
Notice that the pairing of this class with K-theory automatically extends to the K-theory of the maximal
Proof. We only need to show that the CM operator p D sign satisfies the assumptions of Theorem 4.13. But as already observed, the operator p D sign is a first order C 8 -bounded uniformly supported pseudodifferential operator in the Connes-Moscovici calculus for the foliation p F 1 . Moreover, the transverse principal symbol in our Beals-Greiner sense satisfies the relation 
The proof is now complete.
Denote by p P Ñ x M the Connes fibration for a smooth foliation p x M , p F q of bounded geometry, that is the fiber bundle of all the Euclidean metrics on the normal to the foliation p F . Then p P is automatically endowed with the bifoliation p
as given in Lemma 3.25 and it is a strongly Riemannian bifoliation. The proper action of the countable group Γ yields a proper action on p P preserving the foliations. As a corollary of Theorem 4.17, we have the following well defined transverse signature morphism for any smooth foliation with bounded geometry.
Theorem 4.18. Assume that p x M , p F q is a smooth foliation of bounded geometry and let Γ be a countable group which acts properly by p F -preserving isometries. Then the CM transverse signature operator on the Connes fibration p p P , p
Here Thom :
is the crossed product version of the "Thom" isomorphism as defined in [C86] , while p D sign, p P is the CM signature operator on the strongly Riemannian bifoliation p p P , p
The invariant triple for Galois coverings of bifoliations
Let p x M , p F q Ñ pM, F q be a Galois Γ-covering of smooth bounded-geometry foliations. So, π 1 x M is a normal subgroup of π 1 M with quotient group the countable group Γ which acts freely and properly on x M with quotient the smooth manifold M . We also assume that this action preserves the foliation p F and induces the foliation F on M . So Γ acts by diffeomorphisms of x M which preserve the leafwise bundle T p F. We shall see that the group Γ is somewhat artificial when working with the monodromy groupoid, so that the results of the present section will be equivalent to the same results for the universal cover Ă M Ñ M with the pull-back bifoliation. For simplicity, the reader may assume that x M " Ă M and that Γ " π 1 M although we don't explicitly make this assumption.
Fix a fundamental domain p U Ă x M for the free and proper action of Γ and denote by χ the characteristic function of p U . Recall that we can assume that
These conditions are only required up to negligible subsets of x M , assuming if necessary that p U is open, as this will be enough and does not affect the proofs. For instance, we will need that for almost all p m P x M , there is a unique translate p U x m " p U g of p U which contains p m.
5.1. The rationality conjecture. As explained in the sequel, the groupoid p G¸Γ is equivalent to the monodromy groupoid G of the foliation pM, F q. Therefore, the transverse signature morphism Sign K defined above induces, by composition with the Morita isomorphism K 0 pC˚pGqq ÝÑ K 0 pC˚p p G¸Γqq, the group morphism Sign K M,p2q : K 0 pC˚pGqq ÝÑ R. Here again C˚pGq is the maximal C˚-algebra of G.
Conjecture 5.1. Let p x M , p F q Ñ pM, F q be a Galois Γ-covering of smooth bounded-geometry foliations. Then the transverse signature morphism Sign K M,p2q : K 0 pC˚Gq ÝÑ R is always rational.
When one assumes furthermore that G is torsion free, meaning that the fundamental groups of the leaves are torsion free, then using the main result of [BH17] , we shall see that the transverse signature morphism Sign K M,p2q : K 0 pC˚Gq ÝÑ R is actually integer valued on the range of the Baum-Connes map for G. Therefore, the surjectivity of the Baum-Connes map will imply the integrality and hence a positive answer to the above conjecture.
We have stated the above conjecture for the signature operator because of its implications in topology, but it should be clear that this conjecture can be stated for all the spectral triples constructed above, using transversely elliptic operators from the Connes-Moscovici calculus. We prove in [BH17] that when G is torsion free, the morphism Sign K M,p2q is actually integer valued, when restricted to the range of the maximal Baum-Connes map for the monodromy groupoid G. So, the above conjecture is true for all smooth foliations whose monodromy groupoid has a surjective maximal Baum-Connes map and is torsion free.
Remark 5.2. In the case of a foliation F with a single leaf M , the conjecture becomes the claim that the regular trace induces an integer-valued group morphism of the K-theory of the maximal C˚-algebra of the fundamental group π 1 M , when we assume that this latter is torison free, and is rational in general. But the torsion free case is well known to be a consequence of Atiyah's L 2 -index theorem [At76] , while the general case is a well known conjecture due to Baum and Connes.
q is a Galois covering, where the proper and free action of the countable discrete group Γ preserves the foliations p F and p F 1 and induces the bifoliation F Ă F 1 of M . Notice that the leaves of p F in x M are the connected components of the inverse images of the leaves of F in M , and similarly for p F 1 . An interesting situation occurs when M is compact but we don't impose this condition in general. As in the previous sections, the transverse bundle p ν (resp. ν) to the foliation p F (resp. F ), is replaced by the Γ-equivariantly isomorphic bundle
is endowed with the diagonal action of the group Γ and the holonomy action of p F is well defined on this bundle. We choose again a Γ-invariant metric on x M which allows us to identify T x M {T p F 1 with the Γ-equivariant orthogonal bundle p N to T p F 1 . We may also identify T p
The holonomy action then need not to be diagonal, but is supposed to be triangular, see [CM95] . The same situation occurs downstairs on M with the bundle
5.2. The monodromy Morita equivalence. Recall that we are working here with the monodromy groupoids, which act on all the geometric data through the holonomy action by composing with the covering map from monodromy to holonomy. As the quotient p G{Γ is diffeomorphic to G, we also have the convenient
c pGq, where p‚q Γ means the Γ-invariant elements, and C 8 c´Γ p p Gq is the subspace of smooth functions on p G whose support is Γ-compact, that is whose support projects to a compact subspace of G. Using this identification, we can make
Eq by Γ-invariant operators. There exists a smooth function,
and such that the restriction of the projection x M Ñ M to the support of ̺ is proper. We denote by A " C˚G the maximal C˚-algebra completion of C Proposition 5.3. For ϕ P C 8 c pGq, p γ P p G, g P Γ, and γ " ppp γq P G, set Φpϕqpp γ; gq :" ϕpγq̺prpp γqq̺pspp γqgq.
Then Φpϕq is a smooth compactly supported function on p G¸Γ. Moreover,
(1) The map Φ is a morphism of˚-algebras.
(2) Φ induces a K-theory isomorphism from K˚pAq to K˚pBq which does not depend on the choice of the cutoff function ̺.
5.3. The Γ-invariant calculus and Atiyah's von Neumann algebra. Fix an auxiliary Γ-equivariant Hermitian vector bundle p E over x M which is the pull-back of some holonomy equivariant Hermitian bundle E over M for the foliation F . This means that the holonomy action preserves some Hermitian structure on E so also the pull-back one on p F . Denote by W this holonomy (and hence monodromy) action on E, and by x W the pull-back action of p
Here and below removing the hat from p γ means that we take its projection to G. Note that the pull-back holonomy action is equal to the holonomy action upstairs for the pull-back foliation p F . Following Atiyah [At76] , we consider the semi-finite von Neumann algebra M of Γ-invariant bounded operators on the Hilbert space p H " L 2 p x M ; p Eq with respect to the induced unitary Γ-action. This von Neumann algebra is endowed with the semi-finite trace τ defined as follows. Recall that χ is the characteristic function of a fundamental domain p U .
Definition 5.4. For any Γ-invariant bounded operator T which is nonnegative, set
where M χ is the bounded operator on p H which is multiplication by the Borel bounded function χ.
The following classical result was proven by Atiyah in [At76] .
Proposition 5.5.
[At76] The functional τ extends to a normal faithful semi-finite positive trace on the von Neumann algebra M. In particular, pM, τ q is a semi-finite von Neumann algebra of type II 8 .
Since the Hermitian structure on p E is holonomy invariant, we were able to define the involutive representation π of the algebra C 8 u p p Gq of uniformly supported smoothly bounded functions on p
We thus obtain a well defined involutive representation of C 8 u pGq (and hence of A) in p H denoted again π, obtained by using composition with the pull-back map corresponding to the projection p G Ñ G. Notice that pull-backs respect the product and involution since our Haar system is Γ-invariant. More precisely, for any k P C 8 u pGq the operator πpkq " π p E pkq is given by
where p γ is the unique (leafwise equivalence class of the) path which covers γ and satisfies rpp γq " p m. Notice also that p γ is automatically contained in a leaf of p F . It is then clear that the representation π :
Hq is valued in the von Neumann algebra algebra M of Γ-invariant operators.
Eq which is composed of operators whose support projects to a compact subset of MˆM . Such operators are sometimes called Γ-compactly supported pseudodifferential operators.
Proposition 5.6. The group Γ acts on every
p Eq) and this induces a bifiltration-preserving action by˚-automorphisms of the involutive algebra
, which preserves the ideal Ψ´8p x M ; p Eq (resp. the ideal Ψ´8 c´Γ p x M ; p Eq) of uniformly (resp. Γ-compactly) supported smoothing operators.
Proof. Since any element g P Γ acts as an isometry of x M and since it preserves each of the foliations p F and p F 1 , we know that for any such Γ-equivariant bundle p E, g induces a linear isomorphism on
Eq and respects the product and˚structures on
Eq. The rest of the proof is clear.
Γ is the subspace of Γ-compactly supported operators which are Γ-invariant. As an obvious corollary of the results of the previous sections, we have
p Eq Γ , and the adjoint of a Γ-compactly supported operator is Γ-compactly supported.
For p ě 1, denote by L p pM, τ q, or simply L p pMq the p-Schatten space associated with the semi-finite von Neumann algebra M (with respect to its trace τ ) [B03, BF06] . The following proposition is the exact counterpart of Proposition 4.9 in the Galois covering case.
Proposition 5.8.
(1) For any k P A, the operator πpkq belongs to Ψ 1 0,´8
p Eq Γ with m ď 0 and ℓ ď 0, then it induces a bounded operator on L 2 p x M ; p Eq which belongs to the von Neumann algebra M.
p Eq Γ with m ă´pv`2nq and ℓ ă´p, then the induced operator has continuous Schwartz kernel and belongs to the Schatten ideal
p Eq Γ with m ă 0 and ℓ ă 0, then the induced operator belongs to the ideal KpMq of τ -compact operators in M.
Proof.
(1) The pull-back of k is uniformly supported and smoothly bounded. By Lemma 3.17, πpkq belongs to
Eq and it is obviously Γ-invariant. Moreover, since k P A, the support of its pull-back projects to its support which is a compact subset of G and hence πpkq belongs to Ψ 1 0,´8
(2) Apply Proposition A.4 of the Appendix to p x M , p F Ă p F 1 q with m ď 0 and ℓ ď 0 to deduce that T induces a bounded operator on L 2 p x M ; p Eq. Since T is Γ-invariant by hypothesis, T belongs to the von Neumann algebra M.
(3) Since the polar decomposition of any element of M holds in M, the argument in the proof of Lemma 3.14 applies to reduce the problem to proving the following implication
L 2 pM, τ q is the Schatten space of Hilbert-Schmidt τ -measurable operators in the semi-finite von Neumann algebra pM, τ q [BF06] . Since T is Γ-compactly supported, it can be written as a finite sum of operators acting, over distinguished trivializing open sets p´1V and p´1V
They are Γ-invariant and live in the class Ψ 1 m,ℓ c´Γ with respect to the restricted trivial foliations on p´1V and p´1V 1 . Since the Schwartz kernel Kp p m, p m 1 q of such an operator is Γ-invariant and Γ-compactly supported in p´1Vˆp´1V
1 , it belongs to L 2 pM, τ q if and only if |K| 2 is integrable over some fundamental domain, or equivalently is integrable over any compact subspace of p´1Vˆp´1V
1 . Therefore, we need to justify that any (single) elementary operator which is compactly supported and associated with kpz, x, y; ζ, η, σq from the class Ψ 1 m,ℓ with m ă´pv`2nq{2 and ℓ ă´p{2, has square integrable Schwartz kernel. The proof of Lemma 3.14 then applies here, mutatis mutandis.
(4) Note that for any continuous function f : r0, 8q Ñ R with f p0q " 0 and any compact nonnegative operator S, the operator f pSq is τ -compact. On the other hand, the operator T P M is τ -compact if and only if the operator T˚T is τ -compact. Now, T˚T is easily seen to belong to Ψ
Since the extension of the formal adjoint T˚to p H is obviously the adjoint of the extension of T , we may assume without lost of generality that T extends to a nonnegative operator in M. Since m ă 0 and ℓ ă 0, for k ě 1 large enough the nonnegative operator T k satisfies the conditions of item (3). Therefore the extension of T k to a bounded operator in M is an element the Schatten ideal L 1 pM, τ q X M and hence belongs to the ideal KpMq. But this implies that T is τ -compact, by using for instance the continuous function t 1{k which vanishes at zero.
Corollary 5.9. If k P A and T in Ψ 1 m,ℓ p x M , p F Ă p F 1 ; p Eq Γ with m ă´pv`2nq, then the composite operator πpkq˝T extends to an element of M which is τ -trace class.
Proof. We apply the previous proposition. As above, the composition of a Γ-compactly supported Γ-invariant operator with a uniformly supported Γ-invariant operator is automatically a Γ-compactly supported Γ-invariant operator. The operator πpkq was shown to belong to Ψ Proof. Applying Lemma 3.13, we have that P belongs to Ψ 1 m,ℓ´m p x M , p F Ă p F 1 ; p Eq. So P is Γ-invariant, the proof is complete.
We also have the following Γ-invariant corollary of Theorem 3.18.
Proposition 5.11. Let P P Ψ 1 ℓ p x M , p F 1 ; p Eq Γ be a Γ-invariant pseudodifferential operator from the ConnesMoscovici calculus with respect to the foliation p F 1 on x M . Assume that P is uniformly transversely elliptic. Then there exists a Γ-invariant operator Q P Ψ 1´ℓ p x M , p F 1 ; p Eq Γ such that R " I´QP and S " I´P Q P Ψ´8pp ν˚, p Eq
Proof. We only need to apply Theorem 3.18. Note that in the construction of the parametrix Q, we can ensure that it is Γ-invariant.
In particular, using the previous results we get the following.
Corollary 5.12. Let P P Ψ 1 ℓ p x M , p F 1 ; p Eq Γ be a Γ-invariant pseudodifferential operator in the Connes-Moscovici calculus with respect to the foliation p F 1 on x M . Assume that P is uniformly transversely elliptic and let Q P Ψ 1´ℓ p x M , p F 1 ; p Eq Γ be a parametrix as in Proposition 5.11. Then for any k P C 8 c pGq the operators πpkqpI´QP q and πpkqpI´P Qq belong to the von Naumann algebra M and are τ -trace class operators, i.e. belong to the Schatten ideal M X L 1 pM, τ q in M.
Proof. This is the Γ-invariant version of Corollary 3.19 and the proof follows the same lines. By Proposition 5.11, we know in that
On the other hand, by Proposition 5.10, we have that I´QP and I´P Q P Ψ 1´p n`2vq´1,n`2v`1 p x M , p F Ă p F 1 ; p Eq Γ .
But for k P C c´Γ p x M , p F Ă p F 1 ; p Eq Γ . Therefore,
As a consequence, we obtain πpkqpI´QP q and πpkqpI´P Qq P Ψ 1´p v`2nq´1,´p´1 c´Γ
The proof is completed using item (3) of Proposition 5.8.
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Proposition 5.13. Assume that P P Ψ 1 1 p x M , p F 1 ; p Eq Γ is a Γ-invariant pseudodifferential operator from the Connes-Moscovici calculus with respect to the foliation p F 1 . Assume that P is uniformly transversely elliptic and that it induces an (unbounded) invertible operator on L 2 p x M , p Eq (injective with dense image and bounded inverse). Then for any k P C 8 c pGq the operator πpkqP´1 belongs to the ideal KpM, τ q of τ -compact operators in M. More precisely, πpkqP´1 belongs to the Schatten ideal L r pM, τ q X M for any r ą v`2n.
Proof. Let Q P Ψ´1p x M , p F 1 ; p Eq Γ be a parametrix for P as in Proposition 5.11. Then we get πpkqP´1 " πpkqRP´1`πpkqQ where R " I´QP.
From the previous corollary, we know that πpkqR (and hence also πpkqRP´1) is τ -trace class. Since it is L 2 bounded, it thus belongs to the Schatten ideal L 1 pM, τ q X M. Therefore, we see that πpkqRP´1 is in particular τ -compact in M.
Since c pGq the operator πpkqpD`iq´1 extends to a τ -compact operator in M. More precisley, πpkqpD`iq´1 belongs to the ideal L r pM, τ q X M for any r ą v`2n.
Using the above results, we can now prove the main result of this sub-section. We have implicitely used in the above statement the involutive representation π of A " C 8 c pGq, and the normal semi-finite trace τ .
Remark 5.16. If we assume moreover that p D 2 has a scalar principal symbol then the semi-finite spectral triple pA, M, p Dq is regular and has simple dimension spectrum contained in the set tn P N | n ď qu. The proof is long but straightforward with our tools, and is omitted.
In the case p F " 0 and T p F 1 " T x M , this theorem coincides with the semi-finite spectral triple for coverings as defined in [BF06] .
Proof. The proof is an easy extension of the proof of Theorem 4.13 to the semi-finite setting of Atiyah's von Neumann algebra. We first note that the essentially self-adjoint Γ-invariant operator p D is automatically affiliated with the von Neumann algebra M. We proved in Corollary 5.14 that for any k P A " C 8 c pGq the operator πpkqp p D`iq´1 belongs to the Schatten ideal L r pM, τ q X M for any r ą v`2n. We also proved that πpkq belongs to Ψ Dq is a (semi-finite) spectral triple with finite dimension ď v`2n. It is easy to check using the local Laplacians for our Γ-invariant metric, that the dimension is precisely v`2n.
‚ If s ď 0 and k ď 0, then one has continuous inclusions
There are similar inclusions for s ě 0 or k ď 0 or when s ď 0 and k ě 0. In particular, when m ď 0 and ℓ ď 0, the operator A extend to an L 2 -bounded operator.
Proof. It is well known that any R P Ψ´8p x M , p Eq induces a bounded operator between any two classical Sobolev spaces, see [S92] . This essentially gives the conclusion. ; p Eq, we may use (1) and a partition of unity argument to reduce the proof of (2) to the case of an elementary local operator of type pm, ℓq. So we are reduced to the similar result on I m " I pˆIvˆIq´v with p E being the trivial bundle. Forgetting the constants, we then have (using the previous notations, e. g. ξ " pζ, ηq and ξ 1 " pζ 1 , η 1 q etc) Replacing Au by its local expression in terms of its symbol kpz, x, y; σ, ζ, ηq, one gets x Aupξ 1 q " ż Kpξ, ξ´ξ 1 qp upξqdξ where Kpξ 1 , ξ 2 q " ż kpz, x, y; σ, ξ 1 qe izpσ´ζ1q e ipxζ2`yη2q dzdσdxdy.
